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O 

■^r ■ In [9] Kosaki proved an uncertainty principle for matrices, related to Wigner-Yanase-Dyson 

information, and asked if a similar inequality could be proved in the von Neumann algebra setting. 
In this paper we prove such an uncertainty principle in the semifinite case. 
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r-j ! 1 Introduction 

-)— > 

■ ' Let Mn :— M„(C) (resp.Af„^sa := Af„(C)sa) be the set of all n x n complex matrices (resp. all n x n 

self-adjoint matrices). Let !)„ be the set of strictly positive density matrices namely 

©1 - {p e Mn : Trp = 1, p > 0}. 

QQ ' Definition 1.1. For A, B d Mn sa and p £ D^ define covariance and variance as 

^' 

\0 ■ Covp(A, B) := TiipAB) - Tt{pA) ■ Tr(pB) 

(N 

^^ , Then the weh known Schrodinger and Heisenberg uncertainty principles are given in the following 

O ■ Theorem 1.2. [8, 14] 

For A, B G Mn,sa and p G D^ one has 



Vai p{A) := TiipA^) - Tt{pA)^ 



r> ! Mcy f AWay ('R^ _ iRon^^r (A R^|2 > _ 



Varp(A)Varp(B) - | ReCovp(A, S)|^ > -|Tr(p[A B])r, 

that implies 

Varp{A)Varp{B)>^\Tr{p[A,B])f. 

Recently a different uncertainty principle has been fomid [12, 10, 11, 9, 15]. 
Definition 1.3. For A, B G Mn^sa, /? G (0, 1), and p G 'D,\ define /3-correlation and /3-information as 

Corrp^p{A,B) := Tr{pAB) - Ti {pl^ Ap^-^^ B) 

Ip,p{A) := Corrp,^(A, A) = Tr{pA^) - Trip^Ap^-^A). 

The latter coincides with the Wigner-Yanase-Dyson information. 
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Theorem 1.4. 

Varp(A)Varp(B) - \ReCovp{A, B)\^ > Ip,p{A)Ip^p{B) - | ReCorrp,^(A, B)|2. 

Kosaki [9] asked if the previous inequality, which makes perfect sense in a von Neumann algebra 
setting, could indeed be proved. In the sequel, we provide such a proof in the semifinite case. 

In closing, we mention that different generalizations of Theorem 1.4 have been recently obtained by 
the authors [2, 3, 4, 5, 6, 7]. 

2 Auxiliary lemmas 

In all this Section we let (M, r) be a semifinite von Neumann algebra with a n.s.f. trace, and denote by 
Proj(M) the set of orthogonal projections in M, and by M the topological *-algebra of t- measurable 
operators. We fix p, u e Mgo, with spectral decompositions p = J_ Xdep{X), and <J = J_ Xdea-{X)- 

Finally, we denote by A the algebra generated by the sets fii x ^2, for r2i,r22 Borel subsets of R, 
and observe that <7(A), the cr-algebra generated by A, coincides with the Borel subsets of K^. 

Lemma 2.1. Let a,b G MnL^(M, r). Let fJ^abi^i x ^^2) := T{ep{Qi)a* ecr{^2)b) , for fii, fi2 Borel subsets 
ofR. Then jiab extends uniquely to a bounded Borel measure on R^. 

Proof. For O C R Borel subset, x G L'^{M,t), let P{VL)x := ep(fi)x, Q{n)x := xe„{n). Then, P,Q are 
commuting Borel spectral measures on L^(M,t), and their product P ® Q{Vti x O2) := P{Vti)Q{Q,2) 
extends uniquely to a Borel spectral measure on R^ ([1], Chapter 5). Observe that (iab{^i x ^2) = 
t{P (g) Q{Vti X n2){a*) ■ b), and, if {A„} is a sequence of disjoint Borel sets, then P ® Q(UA„)(a*) = 
En^ "^ Q{An){a*) converges in L^{M,t), so that t{P (g) (5(UA„)(a*) • b) is weh defined. So fiab = 
t{P g) Q{-){a*) ■ b) is the desired extension. 

Observe now that ^ab is a bounded Borel (complex) measure on A. Indeed, with A £ A, 

\^iab{A)\' = \T{P®Q{A){a*)-b)\' < \\P®Q{A){a*)\\L4b\\L2 < ||a||L^||6|lL2. 

Therefore, by [13] Corollary 4.4.6, there is a unique extension of iiab to a bounded (complex) measure 
on a{A), the cr-algebra generated by A, i.e. the Borel subsets of R^. D 

Lemma 2.2. Let a, b e Mn L'^{M,t). Then 

(i) l^ab = 4Z_^k=l\V l^a+i''b,a+i''bj 

(ii) if (J — p, fiaa is a real positive measure, 
(Hi) if a,b are self-adjoint, Kc pab = Re /!(,„. 

Proof, (i) is standard. 

(ii) Let ill, ^2 be Borel sets in M, and set Cj := ep(ilj), j — 1, 2. Then paai^i x ^2) = T{eia*e2a) — 
r((e2aei)*e2aei) > 0, and the thesis follows by uniqueness of the extension from A to (7{A). 

(Hi) Let f2i,r22 be Borel sets in M, and set ei :== ep(r2i), 62 :— 6^(0,2). Then Kepabi^i x ^2) = 
ReT(eiae26) = ReT(6e2aei) = ReT(ei&e2a) = He pbai^i x fl2). □ 

Lemma 2.3. Let a, 5 G M n L^(M, t). Let g,h -.M. ^ C be bounded Borel functions. Then 

T{g{p)a*h{(j)b) ^ g{x)h{y) dpab{x,y). 



Proof. We use notation as in the proof of Lemma 2.1. Let s ~ X]i=i ^iXAi, t — X]i=i ^jXBj be simple 
Borel functions. Then 

h k h k 

T(s(p)a*i(a)6) =;^^s,i,T(xA,(p)a*XB,('T)6) =^^M,T(P®g(A, xB,)(a*).6) 

h k 

= ^^s,tj II XAixB.dpab^ // s{x)t{y)dpab{x,y). 



Let now 5, h be bounded Borel functions, and {s„i} , {tn} sequences of simple Borel functions such that 
Sm ^ g, tn ^ h and \sm\ < IffI, \tn\ < \h\. Denote r„(x,y) := s„(x)t„(y), k{x,y) := g{x)h{y). Then, 
by ([1], Theorem V.3.2), s„(p)a*t„(cr) = P «) Q(r„)(a*) ^ P ® (5(fc)(a*) = g{p)a*h{a) in ^^(jvt;^ r), so 
that T{sn(p)a*tn{<y)b) -^ T{g{p)a*h{a)b). Moreover, JJ rndpab -^ JJ kd^ab, because pab is a bounded 
measure. The thesis follows. D 

Lemma 2.4. Let a,b e MO L'^{M,t), p e LHM,t)+, f3 e (0,1). Then 



T{p^a*p'-^b)^ x^y'-^dpab{x,y). 



Proof. Let n eN, and set 



\ X, < X <n \ X, X >0 

r„(x := < f(x) := < 

^ ^ [0, else ^ ' [0, a;<0. 

Then 

T{.Upfa*,Upy-^b)= f UxfU{yf-Pdpab{x,y). 

Observe now that f^{pf -^ f{pf = / in L^/I^{M,t), so that fn{pfa*fn{pY^'^b -^ p^a*p^-Pb in 
L^(M,r), which implies 

T{.Upfa*UpY-Pb) ^ T{p^a*p^~Pb). 

Moreover, in case a = p, Paa is a positive measure, so that, by monotone convergence, 

fn{x)'^fniyy^^ dpaa{x,y) —> // X^y^"'^ dpaa{x,y). 

JJ[0,oo)2 

Therefore, the thesis holds for a ^ b. By polarization (Lemma 2.2 (i)) the result is true in general. D 
Lemma 2.5. Let a, b e Mn L'^{M,t). Then, 

P := Paa ® Pbb + Pbb fXl Paa - 2 Rc yUab "S) Rc ^afc 

is a real positive Borel measure on M* . 

Proof. Indeed, if f7i,...,04 C M are measurable subsets, and Ej := epiflj) G Proj{M.), j — 1,3, 
Ej := e<,(f7j) e Proj(M), j = 2,4, then 

^(f7i X • • • X ^^4) = T{Eia*E2a) ■ T{Ezb*E4b) + T{Eza*E4,a) ■ T{Eib*E2b) 
-2RcT{Eia*E2b) ■ KeT{E^a*E4b) 
> T{Eia*E2a) ■ T{E3,b*Eib) + T{E3,a*Eia) ■ T{Eib*E2b) 
-2\T{Eia*E2b)\-\T{E3a*E4b)\. 

Moreover, 

\T{Eia*E2b)\ = \T{{E2aEi)*E2bEi)\ 

< T{{E2aEiyE2aEiY'^T{{E2bEi)*E2bEiY'^ 
= T{Eia*E2af/^ ■ T{Eib* E2bf/^ . 

Therefore, setting ai -.^ T(Eia*E2af/'^, Pi := T(Pl6*P2&)^/^ ^2 := T(^3a*£^4a)^/^ /32 '.^ riE^VEibf/'^, 
we have /u(r2i x • • • x ri4) > af /3| + a|/3i — 2ai/3ia2/32 > 0, and the thesis follows by standard measure 
theoretic arguments. D 



3 The main result 

Let (M, t) be a semifinite von Neumann algebra with a n.s.f. trace. Let lu he a normal state on M, and 
Plj G L^(M, r)+ be such that uj(x) = t{p^x), for x G M. Then, for any A, B E M^a, f3 G (0, 1), we set 

Deflnition 3.1. 

Cov^(A, B) := cu{AB) - uj{A)cu{B) = t{p^AB) - t{p^A)t{p^B), 
Var^(A) := Cov^(A, A) = u{A^) - Lo{Af = t{p^A^) - T{p^Af, 
Coiv^,p(A,B) := T{p^AB) - T{p^^Apl-^B), 

U0{A) := Corr^,;3(A, A) ^ t{p^A^) - ripf^Aplr^A). 

Proposition 3.2. Let Aq := A - uj{A)I, Bo := B - uj{B)I. Then 

Cov^{A,B)=T{p^AoBa), 
CoTT^jj{A,B) = t{p^AoBo) - Tip^Aopl-l^Bo). 

Theorem 3.3. For any A,Be Msa, P G (0, 1), we have 

Var^(A)Var^(B) - iReCov^A, B)\^ > I^AA)IuAB) - | ReCorr^.^(A, S)p. 
Proof. To start with, let us assume that A, B G M n i^(M, t). Set 

? := Var^(A) Var^(B) - | ReCov^(A, B)|2 - I^AA)I^,(,{B) + \ ReCorr^,^(A, B)|2 

= rip^Al) ■ TiptB.pl-f'B,) + T{p^Bl) ■ TiptA.pl-f'A,) - riptA.pl-f' A,) ■ rip^^BoplT^B^) 
-2RcT{p^AoBo) ■ Rerip^^Aopl-'^'Bo) + {Rct{p^^AopI-''Bo))\ 
Then, using Lemma 2.4 and symmetries of the integrands, we obtain 
Ji := rip^Al) ■ rip^^Boplr^Bo) + t{p^BI) ■ TiptA^p^-" A^) - rip'tA^p^-^ A^) ■ rip^Bopl-^Bo) 

A1A3A4 dpAoAo® iJ'BoBoi^lT ■ ■ iM) + j M^i\ dpAoAo® PBoBo{Mt ■ ■ tM) 

[0,oo)«i J[0,oo)«i 

•^1 ^2"^^3 ^4~^ dpAoAo ® A*BoBo(Al, . • . , A4) 

[O,oc)«i 

= 11 ((Ai + A2)Af A^-'^ + A^Ai-'^(A3 + A4) - 2X^^X1-^ \lx\-^)dixAoAo ® Mb„Bo(Ai, . . . , A4), 

?2 := 2Rct{p^AoBo) ■ RcTiptAopl-" B„) - {Reripf^A^pl-f' Bo)f 
= 2 / XiXlx\^^ dRe^iAoBo ®Rc paqbA^i^ ■ ■ • > ^4) 

J[0,oo)* 
- / X1X\^'^XIX\^'^ dRcp.AaBo®^(iiJ'AoBo{Xl,...,Xi) 

((Ai + A2)Af A^'^ + Af A^-''(A3 + A4) - 2Af A^-'^Af A^'^) dRepAoB, ® Re^lAoB,{Xl, . . . , A4). 
So that, using the notation of Lemma 2.5, 

■J^J^^y^^- [ ((Ai + A2)Af A^-'^ + X^ix\~'\X^ + A4) - 2A^A^-''Af A^-*") d^(Ai, . . . , A4). 

4 J[0,00)4 ^ ^ 

Since /i is a real positive measure on [0, cxd)**, because of Lemma 2.5, and 

(Ai + A2)A3A4 + A-^ A2 (A3 + A4) — 2A]^ A2 A3A4 

= (Ai + A2 - A?A^-'')Af A^-'' + Af A^-''(A3 + A4 - Af A^'^) > 0, 



2 ./[O,: 



we get 5" > 0, which is what wc wanted to prove. 

FinaUy, to extend the vahdity of the inequality from M^a H L^{l\i,T) to iVlsa, let us observe that 
Msa n i^(M, r) is CT-weakly dense in Msa, and a G M t-^ T{p^ab), 6 G M i— > T{p^ab), a £ M i-^ 
T{p^ap^^^b), and b E l\i i-^ T{p^ap^^^b) are u- weakly continuous. D 

Remark 3.4. Observe that, reasoning as in [9] Theorem 5, one can prove that the function 

g{l3) -.^ Var^(yl)Var^(B) - \RcCoyUA, B)\^ - L,f3{A)UfjiB) + iRcCoiv^jjiA, B)f 

is monotone increasing on the interval [^,1). Therefore, the best bound in Theorem 3.3 is given by 
(3 — ■^j i.e. by the Wigner-Yanase information. 
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